In the absence of low-energy supersymmetry, a multiplicity of weak-scale Higgs doublets would require additional fine-tunings unless they formed an irreducible multiplet of a non-abelian symmetry. Remnants of such symmetry typically render some Higgs fields stable, giving several dark matter particles of various masses. The non-abelian symmetry also typically gives simple, testable mass relations.
The idea that there might be more than one Higgs doublet has been much investigated for a wide variety of reasons. These reasons include incorporating CP violation in the scalar sector (as in the old Weinberg model [1] ), addressing the flavor problem of the quarks and leptons [2, 3] ), and obtaining a dark matter candidate, as in "inert Higgs" models [4] .
If (as will be assumed here) there is no low-energy supersymmetry, then a multiplicity of light Higgs-doublets would exacerbate the gauge hierarchy problem. Instead of the mass of just one Higgs doublet being "fine-tuned" to be much lighter than the Planck scale, the mass of each Higgs doublet would have to be separately tuned. The small mass of the Standard Model Higgs doublet relative to the Planck scale might be accounted for anthropically [5] [6] [7] , but that does not appear to be the case for "extra" Higgs doublets, which do not contribute to the breaking of the electroweak gauge symmetry. (Throughout this paper, weak-doublet scalar fields will be called "Higgs doublets" even if their vacuum expectation values are zero.)
On the other hand, just one fine-tuning would be sufficient to make all the Higgs doublets light if all of them were in an irreducible multiplet of a non-abelian symmetry, G Φ . Then the tuning of the mass parameter µ 2 of the Standard Model Higgs field would simultaneously ensure the lightness of all the "extra" Higgs doublets, as long as the splitting of the G Φ multiplet were small. The breaking of G Φ can be dynamical, and so this splitting can be of any magnitude without creating a naturalness problem.
In short, a multiplicity of elementary Higgs doublets with masses near the weak scale would seem to require (in the absence of low-energy supersymmetry) the existence of a non-abelian symmetry relating their masses. Such a symmetry can have several interesting consequences, as will be seen in a simple example. It can make some of the extra Higgs fields stable, giving dark matter candidates, and give testable relations among the masses of new particles.
If there is such a non-abelian symmetry of the Higgs fields, there are two possibilities.
Either the quarks and leptons of the Standard Model also transform non-trivially under G Φ , or they are singlets under G Φ . The former possibility, studied for example in [2, 3] is interesting as an approach to understanding the flavor structure of the quarks and leptons.
It would generally lead to flavor-changing effects from the exchange of extra Higgs doublets.
Here, however, we study the case where the only Standard Model field that transforms nontrivially under G Φ is the Higgs field. Hence we call such models "Higgs-flavor models" and the group G Φ a "Higgs-flavor group".
We will show that in typical Higgs-flavor models there exist the following: (a) One or more extra Higgs doublets that couple to quarks and leptons proportionally to the Standard Model Higgs doublet (ensuring "natural flavor conservation" [8] 
η superheavy, this can be naturally small.)
Given that the Higgs doublets transform as a 5-plet under the Higgs-flavor group, whereas the Standard Model quarks and leptons are singlets under it, the quark and lepton masses must come from higher-dimension operators, the smallest of which have the form
where i, j are fermion family indices, and repeated indices of all types are summed over. This guarantees that the only effects that violate quark and lepton flavor are through the CKM angles, i.e. "natural flavor conservation" (NFC) [8] . The reason for NFC in this model is that the messenger sector is very simple. This is a point to which weshall return at the end of the paper.
The splittings of the 5-plet of Higgs doublets is given by the coupling of Φ (ab) to the messenger field η (ab) , the most general renormalizable form of which is given by
where the coefficients are real. In the first expression for V 2 , the dot represents the contraction of SU(2) L indices, which are not shown. In the second expression, the SU(2) L indices are denoted by λ, and the traces are over the SO(3) Φ indices, which are not shown. The terms in Eq. (2) are actually not all independent. In terms of the form (Φ † Φ)(ηη), the product of η with itself must be in the symmetric product (5 × 5) S = 1 + 5 + 9. Thus the four terms with coefficients σ i in Eq. (2) depend on only three invariant combinations.
Because η (ab) is a real symmetric matrix, an SO(3) Φ basis can be chosen where it is real and diagonal. Without loss of generality, then, the VEV of the messenger field may be written
Let us write the components of the 5-plet of Higgs doublets as
Then it is directly seen from Eq. (1) that the doublet that couples to the known quarks and leptons is the linear combination
The orthogonal combination will be denoted Φ − ≡ 1 √ a 2 +b 2 (bA − aB). We shall call Φ + and Φ − the "diagonal Higgs doublets", and Φ (ab) with a = b the "off-diagonal Higgs doublets".
(Note that we define these with respect to the basis in which the VEV of the messenger field has the form given in Eq. (3).)
The mass spectrum of the doublets that results from Eq. (2) is easily computed by substituting into it the forms given in Eqs. 
where 
from which one sees that
|a|, ab > 0,
In other words, the largest of the three mass-squared splittings among the extra Higgs doublets is simply related to the other two. Another relation implied by Eq. (6) is that Φ − is either heavier than all the off-diagonal Higgs doublets or lighter than them all, depending on the sign of σ 2 − 2σ 3 .
Eqs. (6) and (7) are absolutely stable. These will contribute to the dark energy of the universe as will be discussed briefly later.
The heaviest of the three off-diagonal Higgs doublets is not prevented by these discrete symmetries from decaying into lighter Higgs doublets. Indeed quartic terms exist which would appear to allow such decays (for example,
Whether such decays can occur depends on kinematics. One must consider separately two cases. As noted above, Φ − is either the lightest or the heaviest of the four extra Higgs doublets, depending on the sign of (σ 2 − 2σ 3 ). Call these Cases I and II respectively. In Case I, the Higgs doublet Φ − is also stable, because it has no Yukawa couplings to the quarks and leptons, and because there turn out to be no quartic couplings that allow its decay into three Φ + . Some of these conclusions are modified if m 5 = 0 as will be seen.
Case II. In Case II, whether Φ − and the heaviest off-diagonal Higgs doublet are able to decay into lighter Higgs doublets depends on the values of parameters. The lightest two off-diagonal Higgs doublets are, however, absolutely stable due to the symmetries P a (that is, their lightest components are).
This model differs from most models of dark matter in that there are several stable particles that contribute to the dark matter density of the universe. Most of the dark matter density would come from the heaviest stable extra Higgs particle, because of both its smaller annihilation cross-section and the larger mass. However, in the present model, the lightest stable extra Higgs particle can be much lighter than heaviest one. For example, in Case I, Φ − can be much lighter than the heaviest stable Higgs doublet. In Case II, the lightest off-diagonal Higgs doublet can be much lighter than all three of the other extra Higgs doublets. Thus, even if the particle which is the dominant component of the dark matter has a mass of order a TeV, there can be other stable Higgs particles several times lighter than that. The calculation of the dark matter density is obviously quite involved as it depends on the eleven parameters of Eqs. (2) and (12), and will be considered in detail elsewhere. 
where, for small m 5 ,
Thus the diagonal extra Higgs doublet Φ ′ − now couples to the quarks and leptons with a strength that is simply tan θ H times that of the Standard Model Higgs doublet and is no longer stable. From the decays of Φ ′ − into quarks, the value tan θ is in principle directly measurable.
There is also a shift in the mass of Φ ′ − from the value predicted in Eq. (7). For small m 5 , this shift is given by
Thus one has the prediction
where r ≡ b/a can be extracted from Eqs. (6) and (7). In particular (r + 
is integrated out, it leads at tree level to effective terms of the form
as given in Eq. (1). As they arise at tree level, there is no reason why some of the coefficients of such effective terms could not be of order one (as would be needed for the t quark mass).
One further point: the Higgs-flavor group can be local. The gauge bosons of G Φ would obtain mass of order the condensate Λ ∼ ( η M One expects these features to be typical because they tend to follow from having a very simple messenger sector, and a simple messenger sector is required to ensure "natural flavor conservation" of the quarks and leptons. For example, in the model described in this paper, if there were two messenger fields, η 
